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Display on LCD: Blur!?

Blurred Img
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Sample and Hold on LCD
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Inverse Search
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Optimization Problem

minimize
u2Rn

kHu � f k2

subject to 0 � u � 1:
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Restoration?

Inverse synthesis 6= Image Restoration
� Restoration: You are guaranteed to have a

solution (the Target) so the ultimate error is
zero.

� Inverse synthesis: Solution often does not
exist! The best we can do is to minimize the
error.
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Problem Nature

minimize
u2Rn

kHu � f k2

subject to 0 � u � 1:

This is a convex problem:

� � (u) = kHu � f k2 is quadratic in u, hence
convex.

� F = f u : 0 � u � 1g is a box, hence convex.
� If ui hits a bound, then either ui = 0 or ui = 1,

so the set of active constraints at any u 2 F is
linearly independent.
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Standard QP format

Optimization problem:

minimize
u2Rn

kHu � f k2

subject to 0 � u � 1:

Equivalent problem in “standard format”:

minimize
u2Rn

� (H T f )Tu + 1
2uTH THu

subject to
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Optimality (for thisproblem)

Given a point u� 2 F, if it is a local optimum, then

� (stationarity) � (H T f ) + H THu � = AT �
� (nonnegative multiplier) � � 0
� (feasibility) 0 � u� � 1
� (complementarity)

u�
i � i = 0; i = 1; : : : n

(� u�
i + 1) � i = 0; i = n + 1; : : : 2n
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Algorithm (simple but poor)

Let F (u) = kHu � f k2, then the gradient is

r F (uk) = 2 H T (Huk � f ) = gk

Update
uk+1 = uk + skr F (uk);

where

sk =
�k gkk2

gT
k H THgk
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Tactics (1)

How to implement in MATLAB?

gk = 2H T (Huk � f )

Hu = imfilter(u, h, 'replicate');
g = 2* imfilter(Hu-f, h, 'replicate');

Note: H = H T .
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Tactics (2)

How to implement in MATLAB?

sk =
�k gkk2

gT
k H THgk

g_norm = sum(sum(g. * g));
Hg = imfilter(g, h, 'replicate');
Hg_norm = sum(sum(Hg. * Hg));
s = -g_norm/Hg_norm;
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Projection onto Active Sets

At k-th iteration, if uk
i > 1 or uk

i < 0, then set
uk

i = 1 or uk
i = 0.

The k + 1-th iteration becomes

minimize
u2Rn

kHu � f k2

subject to 0 � ui � 1; if i 62 I
ui = bi ; if i 2 I ;

where bi = 1( or 0), I = f i : ui = bi g.
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Overall Algorithm

De�ne u0. Set k = 0
WHILE optimality not satis�ed DO

Compute gk = r F
Compute sk = �k gk k2

gT
k H T Hgk

Update uk+1 = uk + skgk
Set ui = 1 if ui > 1 and = 0 if ui < 0.

End
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Targetf

Target Img
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BlurredHf

Blurred Img
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Pre-distorted Inputu�

u, Steepest Input
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Optimal DisplayHu �

f, Steepest Output
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Compare to deconvlucy

f, Lucy Output

LCD Signal Synthesis by Inverse Optimization – p. 22/25



Open Questions ...

If only this

minimize
u2Rn

kHu � f k2

then possible that kHu � f k ! 0!
But if we have

minimize
u2Rn

kHu � f k2

subject to 0 � u � 1:

then what is the lower bound of error?
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Why not convex?

For any convex solver, need to solve for (� u; � � )
 

H TH � AT

� A R(u)

!  
� u
� �

!

= �

 
g(u) � AT �
R(u)� � �e

!

This system is huge!
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Questions?

Thank you.
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