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1 Introduction

In this report we demonstrate a method to approximate a 2D point spread function by a pair of 1D �lters.
The method can also be referred as a factorization of a matrixinto a product of two separable matrices.

The application of this technique includes PSF approximation and x- and y- component extraction.

2 Problem Statement

Given a PSF matrix H , we would like to decompose it as a product of two vectorshx and hy . The
intuition here is to break the 2D PSF into a pair of separable 1D PSFs. In mathematical form, we would
like to solve the following matrix factorization problem:

min
h x ;h y

kH � hy hT
x kF (1)

Note that this problem is an approximation of arbitrary PSF b y a separable PSF. As we will demon-
strate in later sections of this report, having separability is important to speeding up in spatial domain.

3 Algorithm

This can be done using CVX. Here is the MATLAB code:

[M N] = size(H); K = 1;

% Initialize hy randomly
hy = rand(M,K);

% Perform alternating minimization
MAX_ITERS = 5; residual = zeros(1,MAX_ITERS); for iter = 1:M AX_ITERS

cvx_begin
cvx_quiet(true);
if mod(iter,2) == 1

variable hx(K,N)
else

variable hy(M,K)
end
minimize(norm(H - hy*hx,'fro'));

cvx_end
fprintf(1,'Iteration %d, residual norm %g\n',iter,cvx_o ptval);
residual(iter) = cvx_optval;

end
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4 Simple Example

For example, suppose

H =

0

@
0 0:0027 0:0013 0:0000 0 0 0

0:0045 0:1955 0:1969 0:1982 0:1969 0:1955 0:0045
0 0 0 0:0000 0:0013 0:0027 0

1

A

Then by calling the above routine we will have

hx =
�
0:0023 0:1018 0:1026 0:1032 0:1026 0:1018 0:0023

� T

hy =
�
0:0078 1:9197 0:0078

� T

One can verify that kH � hy hT
x kF � 0:00340637.

To maintain unity gain we rescale up the remaining horizonal components such that
P

i [hx ]i = 1.
Thus the decomposition yields

hx  �
hxP
i [hx ]i

=
�
0:0045 0:1971 0:1985 0:1998 0:1985 0:1971 0:0045

�

5 Experiment

(a) Target and PSF (b) Blur by original PSF

(c) Blur by simple method (d) Blur by our method

Figure 1: (a) The target image and the PSF. (b) Blurring caused by the original PSF. (c) Blurring
by simple strategy: Use the middle row to approximate the horizontal blurring e�ect. (d) Blurring by
x-component resulted from our proposed decomposition method.

In this section we will demonstrate a practical example using our proposed decomposition method
compared with a naive x-component selection.
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(a) Target and PSF (b) Blur by original PSF (c) Blur by simple m ethod (d) Blur by our method

Figure 2: (a) The target image and the PSF. (b) Blurring caused by the original PSF. (c) Blurring
by simple strategy: Use the middle row to approximate the horizontal blurring e�ect. (d) Blurring by
x-component resulted from our proposed decomposition method.

Suppose we are given an image as shown in Fig. 2a. This is an image of size 1600� 1200 pixels.
Suppose that we are given a blurring PSF, as shown in the up right corner of Fig. 2a. Since this PSF is
slightly inclined, it should have a dominant horizontal component. So one can expect that there will a
strong horizontal blur if we apply this PSF to our image.

If the PSF matrix is very short and fat (e.g. as short as only consisting of 3 rows), one simple but
naive method is to pick the middle row. This strategy actually makes sense because often most of the
energy is captured there. However when the PSF is inclined but it is not very fat and short (e.g. PSF
as shown in Fig. 2a), such simple but naive strategy would fail. To see the comparison, we �rst apply
our PSF to blur the original image and obtain Fig. 2b. Then in Fig. 2c we show the blurring e�ect by
picking the middle row of the PSF. Since the middle row of thisPSF has a narrow range of support, the
resulting blurring e�ect is worse than the true PSF.

In Fig. 2d we show the blurring e�ect caused by applying the x-component found from our proposed
separation technique. Since our method tries to retain the x-direction projection of the PSF, and since
the PSF is inclined only slightly, our method captures the projection well. As we can see in Fig. 2d, our
result gives a better blurring e�ect compared to the simple method.

6 Conclusion

We have demonstrated a convex optimization based method to approximate a 2D PSF by a separable PSF.
Results show that the approximation is particularly useful if the PSF consists of a dominant horizontal/
vertical component.
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