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1 Introduction

We consider a type of least square problem whose constraintare upper and lower bounds on the
variables. Formally, the problem is of the form:

minimize kCx  dk3
X2 R"
subjectto | x u;

whereC isanm n matrix, disam 1 vector,| andu aren 1 vector of lower and upper bounds
such that I; x uj, fori = 1;:::;n. Expanding the objective function as Cx b)T(Cx D),

drop the constant term d' d and scale the equation down by a factor of 2, the above problersan be
restated as

L. 1
minimize d'Cx+ =x'CTCx
X2 RN 2

. | I
subject to X ;
I'n u

which is equivalent to the standard quadratic programming (QP) subject to inequality constraints:

L 1
minimize ' (x) = ¢"x+ =xT Hx

X2 Rn 2
subjectto Ax b;

whereA2 R™ " b2 R™ 1 ¢c2 R" 1, H 2 R" ". Therefore it is natural for us to rst consider the
general QP, and then our speci ¢ problem.

2 Perturbed Optimality Condition

We want to apply primal-dual method to the problem. So rst of all we have to de ne logarithmic
barrier function

xo
B ), ' (X) In(ax  h); (1)
i=1
where is a positive scalar which is referred as the barrier paramedr, a is the i-th column of A and
b is the i-th component of b.



Denote g(x) = r ' (x) be the gradient of the objective function. Then the gradiert of the logarithmic
barrier function can be expressed as

5 xo
r«B(x; )= g(x — g
()= o
X 1
= g(x) . m a
=g(x) ATSx) le;
wheresi(x) = a'x b is the residue, S(x) = diag( s1(X);:::;sm(x)) is a diagonal matrix containing

Let x be the unconstrained minimizer ofB (x; ). BecauseB (x; ) is twice-continuously di erentiable,
it must hold that r «B(x ; ) =0, which implies

g(x)= A TS(x) le: )

De ne the barrier multiplier y as
y » S ‘e ®3)

Note that as x is feasible, we haves;(x ) 0 foralli, soy 0.

Thus at x , Equation (2) can be written as
g(x) = ATy ; 4

with y > 0. This means that the gradient of B(x; ) at x is the non-negative linear combination of
columns of A, with the coe cients given by vy .

If we write Equation (3) as componentwise format, we get

[s(x )i [y li=: (5)
or
S(x)y = e: (6)
This is called the perturbed complementarity, because thisis in analogous as ! 0 to complemen-
tarity condition y; s; =0 that holds at a KKT point.
Equation (4) and (6) together forms the perturbed optimality condition:

g(x) ATy _
S(x)y e =0 (7)

In primal-dual, we solve Equation (7) for a sequence of decasing using Newton method. In other
words, at each iteration we x a and nd a search direction by solving the Newton equation (to be
discussed). Then we proceed a step, decreaseand repeat the process.

3 Primal Dual Equation

The core of primal-dual method is to nd the pair ( x;y) satisfying the equations that hold at x . In
other words we need to solve forX ;y ) from the equation

;
F(xy)= %) AY

Sy e =0: (8)



Let v =(x;y) be the combined unknowns. The Newton Equation is

F W v= F (v); ©)
where we call v=( x; Yy)the Newton direction.
F (v)Cis the Jacobian matrix of F :
I
@ @ '
F s B0 ATY) (g0 ATy)
O(sy e) &Sy e)
- H AT
" YA S(x)
whereY =diag(y1;:::;Ym)
Therefore, Equation (9) becomes
H AT X gx) ATy
YA S(x) y S(x)y e (10)
4  Solving Primal Dual
4.1 Initial Guess
Let's consider a speci ¢ problem
minimize d'Cx + }xT Cc'Cx
X2 RN 2
. I'n 0o .
subject to I X 1

Put it into standard format,

L. 1
minimize ¢'x + =x' Hx
X2 R0 2

subjectto Ax b:
Clearly, the point
x©® =0:5
satis es the feasibility condition
X ;
n 1

and it is an interior point.
Next we can de ne residues® as

SO = Ax©@

Last, we can determine the multiplier y© by solving

ATYO = 6O | ¢t Hx©



In

But since A = - if we write out this equation explicitly
n
0 1
vy
0 1 ) 1
10 ::: 0 1 0 ::: O : ()
01 ::0 0 1 :: 0% y© %91§
n —_ . .
. . . . . . . . 0) - : ]
- : I yr(hzl )
00 ::1 0 0 ::: 1 ; On
0
yon
then we notice that forany 1 i n, if g® 0, we may set
y = g@
Yion =0;
and if g©@ < 0, we may set
0 _
0 o
Yidn = g9

4.2 Direction and Step Size

Fora xed ,the direction v =( Xk; VYk) Iis determined by solving

H AT Xk = 90a) ATy
YA S(xk) Yk Sxi)yk e

This can be done in MATLAB using the back slash command’\' , if the size of matrices are small.
If the matrices are large but sparse, then we can use LSQR.

After determining ( Xx; Yk), we can determine the change in residue by de ning
Sk = A(Xk + Xk) b sk

The step sizes are determined as follows: De ne

(
yeli . )
L= T [ Wwli<O
( 1; otherwise.
[skli . )
o= [ksk]i' [ sli<O
1; otherwise.

Then choose
F=minfmin j;min ;g;

and set
k=minfl, frg;

where =0:995.



To update to the k + 1" iteration, we set

Xk+1 = Xkt k Xk

Ye+1 = Ykt Kk Yk
Sk+1 = Skt Kk Sk

When the update is done, we need to reduce the parameter. In our experiments we let

where =0:1.

5 Application in Signal Recovery
5.1 Notation

In this section we demonstrate a simple application of the albve mentioned algorithm in recovering
signals.

Suppose we want to transmit a continuous signak(t). In order to allow digital processing of x(t), we
often take samples ofx(t) with sampling period T. Thus we can use a sequence of discrete points
x(k T),k=0;1;:::;n 1, or x(k) for simplicity, to represent the continuous signal x(t).

Denote d(k) be the received signal. Suppose the channel distortion is odeled as a linear time invariant
system, i.e. X
d(k) = C(k  m)x(m); (11)

m

where C(k) characterizes the channel behavior.

This is equivalent to

d = Cx; (12)
where
0 1
0 d(0) 1 0 x(0) 1 g((l)) Cé 01) g( (n ;))
RN RN RS &
din 1) x(n 1) o D cm 2 co

In a lot of cases the kernelC is symmetric about zero so thatC(k) = C( k). Therefore we can
simplify the C as

C(0) c@) C(n 1)1
% c@) c(0) C(n 2)§
C= . . . . : (13)
cn 1) ci 2) c(0)

5.2 Problem

The recovery problem is as follows: suppose we want to transina target signal x . Due to the
presence of channel distortion, the observed signal is gineby

d=Cx :



Our task is to nd solve for x

minimize kCx  dk3
X2 R0 (14)
subject to 0 x L
or equivalently,
minimize kCx Cx k3
X2 (15)
subject to 0 x L
Clearly, there exists an optimal solution, namely x .
5.3 Numerical Example
Target Signal x
We let transmitted signal x whosek™ element is de ned as
8
EO; 1 k 30
05 31 k 50
K= . :
31 51 k 70
"0, 71 k 100
This is a stair-case shaped signal, as shown in Figure 1.
Transfer Function Matrix C
The transfer function C(k) is assumed to be a sinc function:
sin(2k= )
Ck)= ——:
(k) 2k=
So,
0 1 sin(2= ) sin(2(n 1)= )1
2= 2(n 1)=
sin(z_: ) 1 sin(2( n 2_): )
sin(2( n. 1)=) sin(2(n' 2)=) ' 1
2(n 1)= 2(n 2)=

wheren = 100. A plot of C(k) is also shown in Figure 1.

P
Note that we have scaledC(k) appropriately so that |, jC(k)j = 1. This ensures a unity gain of
convolution.

Observed Signal d
The observed signald(k) is the convolution betweenx(k) and C(k). In other words,

d=Cx :

As shown in Figure 1, it has the shape of(k), but with distortion caused by C(k).

5.4 Numerical Results

We show the numerical results here: With the above setup andriitial guess we run the algorithm for
20 iterations.
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10
11
12
13
14
15
16
17
18
19
20

mu
1.000000e-001
1.000000e-002
1.000000e-003
1.000000e-004
1.000000e-005
1.000000e-006
1.000000e-007
1.000000e-008
1.000000e-009
1.000000e-010
1.000000e-011
1.000000e-012
1.000000e-013
1.000000e-014
1.000000e-015
1.000000e-016
1.000000e-017
1.000000e-018
1.000000e-019
1.000000e-020

obj_val
5.460663e+000
5.507840e+000
2.899764e+000
1.081643e+000
4.215544e-001
1.449707e-001
3.939618e-002
9.790501e-003
2.446741e-003
6.117628e-004
1.529507e-004
3.823872e-005
9.559784e-006
2.389956€e-006
5.974901e-007
1.493726e-007
3.734317e-008
9.335794e-009
2.333949e-009
5.834871e-010

numerical results

The minimizer x obtained here is plotted in Figure 1. We can see thatx looks very closely to the
target x .

6 Application to Signal Synthesis

Signal synthesis rises from inverse problems, where we areltl to produce a good image, but there
are distortions during the manufacturing process. For exanple in optical photomask production, we
want to make an IC pattern on a wafer. However, due to diraction the pattern that actually shows
on the wafer has rounded corners and shrinked edges. So we vialike to pre-distort the IC pattern,
so that after di raction the IC pattern is good.

Signal synthesis is very similar to signal recovery. The sute di erence between the two is that in
signal recovery, we are given the observed signati(= Cx ) and seek forx such that kCx Cx kiis
minimized. But in signal synthesis, we are given a target sigal (sod = x ), and we seek a prewarped
signal ® so that kKC® x k is minimized.

Therefore, in short, for signal synthesis we want to

minimize kCx x k3
X2 RN
subject to 0 x L

6.1 Numerical Example

In this experiment, we set
Target Signal x



We let transmitted signal x whosek™ element is de ned as

8

E 0; 1 k 30
05 31 k 50

31 51 k 70 '

"0, 71 k 100

This is a stair-case shaped signal, as shown in Figure 2.

Transfer Function C
The transfer function C(k) is de ned as

1 k= 2, 1,0;1;2

C(k) = .
0 otherwise:
e} 0
1110000 0
1111000 0
1111100 0
C=Bo 111110 0 17)
0O 00 O OOTP 1

6.2 Numerical Results

itn
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mu
1.000000e-001
1.000000e-002
1.000000e-003
1.000000e-004
1.000000e-005
1.000000e-006
1.000000e-007
1.000000e-008
1.000000e-009
1.000000e-010
1.000000e-011
1.000000e-012
1.000000e-013
1.000000e-014
1.000000e-015
1.000000e-016
1.000000e-017
1.000000e-018
1.000000e-019
1.000000e-020

obj_val
1.194599e+001
9.565756e+000
4.422166e+000
1.973104e+000
1.403601e+000
1.493761e+000
1.834913e+000
2.074264e+000
2.115937e+000
2.116027e+000
2.112467e+000
2.111286e+000
2.111132e+000
2.111115e+000
2.111112e+000
2.111111e+000
2.111111e+000
2.111111e+000
2.111111e+000
2.111111e+000

signal synthesis

7 Application to Image Problems

In this section we demonstrate an application of interior pant method to image problems. These are
considered as large problems, because nowadays a typicakodution is 1000 1000. If each pixel is
treated as a variable, we will have 1 million variables!



We consider a inverse problem in LCD deblurring: Figure XX stows our target image. If we display
this image on an LCD device, then due to slow response of ligdicrystals the image we actually see
is blurred, See Figure XX. Thus we want to prewarp the image scathat the it is sharp as we see.
Mathematically, given a target image x and the blur matrix C, we would like to nd a prewarped

image x such that kCx  x k is minimized. Here, we use a vectox 2 RMN 1 to represent a 2D
imageX 2 RM N arranged in lexicographic order.

7.1 Numerical Implementation
7.1.1 Blur Matrix C

Suppose the blur is characterized as

0 1
0:.0156 0 0
o(m;n) = @0:2929 03831 0292 ;
0 0 00156

so that for any input image x(m;n), the blur image output d(m;n) is de ned as
d(m;n) = X c(m  Kki;n o ka)x(kq; ka):
k1ka
Since this is a linear operation, we shall use matrix to reprsent it
d = Cx
In MATLAB we can use the following command to construct the (huge) blur matrix C:
C = convmtx2(c, [row_img, col_img]);

As an example, if the image is 640 480 and the blur ¢ has size 3 3, then the size ofC will be
(640+1+1)(480+1+1) (640)(480)=309444 307200.

7.1.2 Target Image x
To transform a 2D image into an 1D vector, we can use

Target = reshape(Target, 480*640, 1);

7.1.3 Newton Step

In forming the Newton's Step, we have to de ne diagonal matricesY and S. To allow sparse class,
we need to use

Y = spdiags(y, 0, m, m);
S = spdiags(s, 0, m, m);
Then in de ning the Jacobian matrix FYv) and the right hand sides F (v), we use
J = sparse( [H -A's
Y*A  S]);
F = [g-A™y;

S*y-mu*sparse(ones(m,1));];
where m is number of constraints. In our problem it is m = 2n, where n is the number of variables.

To solve the Newton step, we use LSQR, with maximum number ofteration 100.

dv = Isqr(J, -F, le-3, 100);



7.2 Numerical Results

The numerical results are shown below: )
primal dual for image

Isqr stopped at iteration 100 without converging to the desi red tolerance 0.001
because the maximum number of iterations was reached.
The iterate returned (number 100) has relative residual 0.0 24
1 4.969588e-002
Isqr converged at iteration 34 to a solution with relative re sidual 0.00093
2 1.565099e-002
Isqr converged at iteration 12 to a solution with relative re sidual 0.00092
3 7.683779e-003
Isqr converged at iteration 35 to a solution with relative re sidual 0.00099
4 3.320649e-003
Isqr stopped at iteration 100 without converging to the desi red tolerance 0.001
because the maximum number of iterations was reached.
The iterate returned (number 100) has relative residual 0.0 014
5 2.065396e-003
Isqr stopped at iteration 100 without converging to the desi red tolerance 0.001
because the maximum number of iterations was reached.
The iterate returned (number 100) has relative residual 0.0 26
6 2.044005e-003
Isqr stopped at iteration 100 without converging to the desi red tolerance 0.001
because the maximum number of iterations was reached.
The iterate returned (number 100) has relative residual 0.0 28
7 2.043893e-003
Isqr stopped at iteration 100 without converging to the desi red tolerance 0.001
because the maximum number of iterations was reached.
The iterate returned (number 100) has relative residual 0.0 28
8 2.043893e-003
Isqr stopped at iteration 100 without converging to the desi red tolerance 0.001
because the maximum number of iterations was reached.
The iterate returned (number 100) has relative residual 0.0 28
9 2.043893e-003
Isqr stopped at iteration 100 without converging to the desi red tolerance 0.001
because the maximum number of iterations was reached.
The iterate returned (number 100) has relative residual 0.0 28
10 2.043893e-003

The solution is shown in Figure 4(a). If we display the solution on the LCD device, then what we see
on the screen will look like the one shown in Figure 4(b). Letx*be the solution, then we determine
that the error is

= kC® x k?®=2:043893 10 *:

8 Conclusion

This report summarizes the progress we made last quarter onpplying interior point methods to
solve simple bounded least square problems. We derived optality conditions, formulated Newton
equations, and implemented the algorithm. we tested the algrithm with problems taken from signal
recovery and signal synthesis. We also applied the algoritm to images.
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Figure 1: Plots for signal recovery: Top left - Target signal x ; Top right - transfer function
Bottom left - Observed signald = Cx ; Bottom right - Recovered signal.
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Figure 2: Plots of signal synthesis: Top left - Target signalx ; Top right - transfer function
Bottom left - Synthesized signal Xt Bottom right - Output CRX.
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c(k);

c(k);
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(a) Target Image
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(b) Blurred image - if we do not apply any optimization and dis  play the Target image on the LCD device, then the
observed image is blurred.

Figure 3: Target Image and blurred image
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(a) Solution R - obtained from primal dual algorithm

(b) Output - the image we see on the screen, which is C®

Figure 4: Primal dual solution and image observed on screen
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