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Abstract

In this report we describe an inverse optimization methodology to reduce the motion blur occurred in
Liquid Crystal Display (LCD) systems. We formulate the debluring problem as a linear least square
minimization subject to upper and lower bound constraints. We demonstrate an algorithm to seek a
local minimum using �rst order derivative information. Res ults are compared to standard Richardson
Lucy algorithm (MATLAB command deconvlucy.m). Our method demonstrates lower variational
error.

I. Introduction

LCD is the most popular display device nowadays, for its highresolution, low power consumption,
and low cost. However, it is also well known that liquid crystal's respond time is slow, hence leading
to a \sample and hold" behavior of the LCD. Such behavior is undesired, because sample and hold
will translate motions in the video to blurring.

There are various techniques to tackle such drawback. In hardware level, one can increase the frame
rate [Hong05] and 
ashing the back light at faster rate than frame period [Fisekovic01]. In signal pro-
cessing level, one can perform motion compensated inverse �ltering (MCIF) [Klompenhouwer04]. Re-
cently Har-Noy and Nguyen [Har-Noy08] demonstrated a deconvolution method based on Richardson-
Lucy, which is an application of expectation-maximization (EM) algorithm. Here, we demonstrate
another technique - inverse optimization.

We identify the problem as an inverse image problem. Given the target sharp imagef � , and suppose
the motion is estimated, hence we know the transfer functionH , we are interested to �nd an input
u, such that the error kf � � Huk2 is minimized. It is easy to be confused about inverse image prob-
lem versus image reconstruction. Image reconstruction guarantees a solution because by default the
original image is the solution. Therefore the task is to �nd out that solution. In contrary, inverse
problems are often ill-posed. In other words, a solution mayor may not exist. The task is therefore
to �nd the best estimate that minimizes certain objective fu nction, subject to certain constraints.

In this report, we demonstrate a simple way to formulate the LCD deblurring problem as an inverse
problem, and provide feasible algorithms to solve the problem. The report is organized as follows:
Section II is the problem formulation; Section III is the discussion of �rst order derivative based al-
gorithms; Section IV we show some results; Last some conclusion is given in Section V.

II. Problem Formulation

LCD di�ers from traditional cathode ray tube (CRT) display b y its sample and hold behavior versus
the CRT's impulse driven behavior. It was shown that images on LCD and images on CRT can be
related by [Pan05]

I LCD (x; y; t ) =
Z 1

�1
I CRT (x � vx �; y � vy �; t � � )hT (� )d�; (1)

wherevx and vy are the horizontal and vertical motion of objects between frames,hT (t) is an indicator
function with compact support [0; T ], i.e. sample and hold, andT is the hold time. Recognizing that
the behavior of hT (t) we may rewrite Equation (1) as

I LCD (x; y; t ) =
Z T

0
I CRT (x � vx �; y � vy �; t � � )d�: (2)
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Let x0 = vx � , y0 = vy � , so x0 2 [0; vx T], and y0 2 [0; vy T]. Then Equation (2) is equivalent to

I LCD (x; y; t ) =
Z T

0

Z vx T

0

Z vy T

0
I CRT (x � x0; y � y0; t � � )h(x0; y0)dx0dy0d�; (3)

whereh(x; y) = 1 for ( x; y) 2 [0; vx T] � [0; vy T], and 0 otherwise. Finally, if we discretize the timet,
and set �nite di�erence �t be the hold time T, then the integration on time can be dropped and we
arrive at

I LCD (x; y; t ) =
Z vx T

0

Z vy T

0
I CRT (x � x0; y � y0; t � T )h(x0; y0)dx0dy0: (4)

Suppose the image resolution ism � n, then Equation (4) (which is a simple 2D convolution in x0 and
y0) can be written as

f = Hu; (5)

where f 2 Rmn is a vector of I LCD (x; y; t ) arranged in lexicographic order, H 2 Rmn � mn is the
convolution matrix, and u 2 Rmn is a vector of I CRT (x; y; t � T ) arranged in lexicographic order.

The problem can now been viewed as: On the LCD we see a blurred imagef , can we adjust the input
u so that the output f is sharp? In other words, given the convolution matrix H , and the desired
target image f � , we want to solve the following optimization problem:

minimize
u2 Rmn

kHu � f � k2
2

subject to 0 � u � 1:

This optimization problem is known as an inverse problem, because we are given the output and look
for an input. We want to emphasize that such input u may or may not exist. If it exists, then the
objective function can be reduced to zero. If not (which is the usual case), we can only seek an input
which gives the error as small as possible.

In this problem we choose to use the Euclidean norm, just for the sake of simplicity. But even for
Euclidean norm, the solution to the problem is not trivial because for images we are talking about
1000� 1000 pixels, i.e. 106 variables. So simple algebraic techniques like solving normal equation do
not work, nor do methods that require Hessian matrix factorizations. In the next section we describe
a numerical viable technique to solve the problem. Further e�ort will be spent on developing a general
image optimization solver that exploits the sparse structure of H , and convexity of objective function,
e.g. primal dual method.

III. Algorithm

As a demonstration we use steepest descent algorithm, but any �rst order derivative based method
would work, e.g. conjugate gradient. Let the objective function be F = kHu � f � k2

2, and denote the
gradient g = r F = H T (Hu � f � ). The algorithm for this problem can be seen as [Gill84]

Chooseu0 = f � , p0 = g0, k = 0, where g0 = g(u0)
While kgk k > � DO

pk = gk

� k = � gT
k pk

(Hp k )T (Hp k )
uk+1  uk + � k pk

k  k + 1
END

In case that vx and vy are constants8(x; y), computation of Hu can be performed in convolution as
h � u, or imfilter(u, h, 'replicate') in MATLAB. In case where vx and vy are not constants,
i.e. on each pixel (x; y) we have a di�erent point spread function h(x; y), then the computation can
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be performed in doublefor loops. So we are convolving the input with a spatially varying (in size)
�lter. Next, the computation of ( Hpk )T (Hpk ) can be done in MATLAB as sum(sum(Hp_k.^2)) . As
a remark, although h(x; y) takes values only 1 and 0, it should be aware that normalization is needed
to ensure unity gain. Lastly, tolerance � is user de�ned.

Concerning about the upper and lower bound constraints, we apply active set method to project out
of bound variables onto its closest boundary. In other wordswe set u(x; y) = 1 if u(x; y) > 1 and
set u(x; y) = 0 if u(x; y) < 0. As the search stops at boundaries, by forcing out of bound variables
to its closest boundary the number of variables decreases asiterations go. The set [0; 1] is convex,
therefore active set method is a special case of projection onto convex set (POCS), hence convergence
is guaranteed.

Steepest descent su�ers from two main problems. One is the slow convergence, because even in our
algorithm we apply adaptive step size, the poor search direction of may lead to slow convergence. In
cases where eigenvalues ofH is highly concentrated (which is the usual case in convolution matrix),
steepest descent is well known to converge slowly. The second issues is local optimal, because steepest
descent is a local solver. Fortunately since our setup is convex, any local optimal is global.

Target Img

Blurred Img

u, Steepest Input

f, Steepest Output

u, Lucy Input

f, Lucy Output

Figure 1: Results whenvx and vy are constants 8(x; y). Left: Target image and Blurred image;
Middle: Input determined by our algorithm and the corresponding output. Right: Input determined
by deconvlucy and the corresponding output. It can be seen that our algorithm gives lower total
variational error in the output.

IV. Results

In this section we compare the results with standard MATLAB deconvlucy . First of all, we test
the performance of our algorithm with vx and vy are constants 8(x; y). In other words, the point
spread function h(x; y) has �xed size over all (x; y). We tested it with h = ones(3,3)/9 . The image
is lena.jpg , with dynamic range [0; 1]. For boundary issues, we replicate the boundary columns and
rows and extend it according to the size ofh(x; y). For deconvlucy , we set number of iterations be
10. It can be seen in Fig 1 that the total variational error of the output produced by our algorithm
is signi�cantly lower than that of deconvlucy . Some numerical comparison:
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MSE PSNR Total Variation
Our 0.000927482 29.845 0.00296242

deconvlucy 0.00679592 40.0199 0.0132037

The second experiment is done forvx and vy are not constants. In this case, we assume thath(x; y)
has size varying from 3� 3 to 7 � 7, with an average size 5� 5. (It can be 3� 6 or 4� 5 etc). During
the inverse algorithm we use a size 5� 5, and during the testing of output we use random sizedh(x; y).
The purpose of this is to test the robustness of our algorithm. Similarly for deconvlucy we assume
h(x; y) has size 5� 5 and perform the deconvolution. Results are shown in Fig 2. Again, our algorithm
out performs deconvlucy .

Target Img

Blurred Img

u, Steepest Input

f, Steepest Output

u, Lucy Input

f, Lucy Output

Figure 2: Results whenvx and vy are varying. Left: Target image and Blurred image; Middle: Input
determined by our algorithm and the corresponding output. Right: Input determined by deconvlucy
and the corresponding output. It can be seen that our algorithm gives lower total variational error in
the output.

Some numerical comparison:

MSE PSNR Total Variation
Our 0.000370593 34.0571 0.00491719

deconvlucy 0.00368323 36.9659 0.0181693

The above results reveals two facts: (i) by minimizing the linear least square problem we gain the side
bene�t of having lower total variation. (ii) the \optimal" i nput is a complicated, and this reveals the
nature of inverse problem.

V. Conclusion

We demonstrate an inverse optimization problem in LCD deblur. We formulate the problem as
a linear least square problem subject to simple bound constraints. We solve the problem using
steepest descent algorithm with active set method to project out of bound variables onto its closest
boundary. Results show that our algorithm is robust towards variation in horizontal and vertical
motion. Output generated by our algorithm also has low total variation compared with standard
MATLAB deconvolution routine. Further research will be foc used on primal dual methods for huge
sized optimization problems like inverse image problem.
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