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Minimum Phase, Maximum Phase and Linear Phase LTI Systems

In this section, we will explore the minimum phase, maximum phase and linear phase LTI
systems. During this lecture, two systems with minimum phase and maximum phase will
be given and we will take a look at their impulse response. Additionally, we will also show
that a linear phase system can be designed by cascading minimum phase and maximum
phase systems.

Minimum Phase System

In signal processing, if the inverse of a liner time invariant system is stable and casual, it is
called a minimum phase system. In other word, a system , which has poles and zeros inside
unit circle, is called minimum phase system. Suppose we are going to design an minimum
phase FIR filter, Hmin(z),

Hmin(z) = 1 − 7
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which has zeros at z=2
3 and z=1

2 . Its pole zero plot is,
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Figure 1: Pole Zero Plot of Hmin(z)

As shown above, we can implement this system in simulink. There are two ways to imple-
ment this system, either Eq.(1) or Eq.(2).

Figure 2: Simulink Model of Hmin(z), (Left) Implementation of Eq(1), (Right) Implemen-
tation of Eq(2).

These two implementations are the same, and in the following lectures, we will stick with
the method of Eq.(2), cascading one ordered systems.

Figure 3: Simulink Model of Hmin(z)
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Now, using the simulink model in Fig.3, we can see their impulse responses, magnitude and
phase response.

Figure 4: (Left Column) Input and impulse response of Hmin(z), (Right Column) Magnitude
and phase response of Hmin(z)

Maximum Phase System

Maximum phase system is opposite to minimum phase system. If the inverse of a LTI
system is casual and unstable. In other words, if all zeros of a LTI system are outside the
unit circle, it is called maximum phase system. Therefore, if a system has zeros at z=3

2 and
z=2,

Hmax(z) = 1 − 7
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Figure 5: Pole Zero Plot of Hmax(z)

Similar to previous section, we can also implement Hmax(z) using Eq.(3) and Eq.(4). Similar

Figure 6: Simulink Model of Hmax(z), (Left) Implementation of Eq(3), (Right) Implemen-
tation of Eq(4).

to previouse section, we will stick with the implementation of Eq(4).

Figure 7: Simulink Model of Hmax(z)
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Now, using the simulink model in Fig.7, we can see their impulse responses, magnitude and
phase response.

Figure 8: (Left Column) Input and impulse response of Hmax(z), (Right Column) Magni-
tude and phase response of Hmax(z)

By setting the inverse of zeros in Hmin, we get all zeros outside unit circles, Hmax. It can
be seen that while we put all zeros outside the unit circle, we formed a system , named
maximum phase system.

Linear Phase System

Here we want to introduce an method to synthesize linear phase system. Till now, we have
known the maximum phase system and minimum phase system. We can synthesize a linear
phase system by cascade Hmin with Hmax. Hence, we can write the relations,

Hlinear(z) = Hmin(z)Hmax(z)
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For systnesize this system, we can directly see results by cascading those systems mentioned
above. The system model is,

Figure 9: Simulink Model of Hlinear(z)

In the same way, we can check its frequency response by using simulink. From, Fig.10,
we can observe that the output systme phase is linear. Therefore, we simulated that we can
generate a linear phase system by cascading a minimum phase system with its corresponding
maximum phase system.

Figure 10: (Left Column) Input and impulse response of Hlinear(z), (Right Column) Mag-
nitude and phase response of Hlinear(z)
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All Pass Filter

All Pass Filter, means that the filter pass all the frequency components equally. Mathe-
matically, its general form is,

A(z) =

∑N
k=0 akz

−k∑N
k=0 aN−kz−k

Note that, the coefficients in numerators is flipped order in denominator.
Given an all pass filter,
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1 + 2z−1 + 3z−2
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This filter is degisned with coefficient a0 = 1, a1 = 2 and a2 = 3. In addition, their poles
are at

z = −0.33 ± 0.4714i

and zeros are at
z = −1 ± 1.4142i.

Figure 11: Pole Zero Plot of A(z)
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We can also design an all pass filter using simulink system. We can see its model shown
below.

Figure 12: Simulink Model of A(z)

Also, its impulse response, magnitude and phase response can be simulated.

Figure 13: (Left Column) Input and Impulse Response of A(z), (Right Column) Magnitude
and Phase Response of A(z)

From simulations above, it can be seen that the magnitude of all pass filter A(z) is almost
1= 20log101 for all frequencies. Now we showed a simulink simulation of an all pass filter.
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