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ABSTRACT

A drawback of critical-sampling multirate system is its shift-
variant property at the subband output. This prevents
wavelets from many applications where shift-invariance is
required. For a given set of filter coefficients and cost func-
tion, all of the existing methods solve the problem by find-
ing the path in the decomposition tree that minimizes shift-
variance with respect to a given cost function. This proce-
dure is signal dependent and is inefficient, especially for long
data sets and images, since the subband decomposition has
to be performed for all shifts of input signal during process-
ing time. In this paper, we establish a framework for shift-
invariant filter bank by connecting the relation between the
polyphase representation and shift-invariant property of fil-
ter banks. Theory, analysis, and design will be presented,
and comparison to the existing systems will be discussed.

1. INTRODUCTION

In a multirate system, input signal is decomposed into sub-
bands by a set of bandpass analysis filters Hy(z), which
decorrelates the input signal to locate signal features in sub-
bands. The advantages of signal decorrelation and multires-
olution representation are often offset by the time-varying
nature of downsampling. A shifted input z(n - £.) does not
produce shifted subband coefficients unless £, is a multiple
of M. This is called shift-variance.

Shift-invariant property is required in many signal pro-
cessing applications, such as detection, image coding, and
denoising. The importance of shift-invariant multirate sys-
tem has been noticed by a number of researchers and several
approaches have been proposed. In [1, 2], the critical sam-
pling condition in subband system is relaxed in order to
obtain shift-invariant system. Besides the increased imple-
mentation cost, the number of local extrema is unknown
before detection and it is possible to locate more local ex-
trema than subband samples obtained from the traditional
filter banks with downsampling. As a result, this method
is inapplicable in detection.

An alternative approach is based on the best-basis-
selection method [3, 4, 5]. A cost function, Shannon’s en-
tropy, is used in those methods as a measure of shift-invariant
property. The input signal is decomposed using the tradi-
tional filter bank and the decomposition is repeated for the
input signal with all possible shifts. The set of subband co-
efficients that minimizes the given cost function is then cho-
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sen for reconstruction. It should be noticed that the system
itself is not shift-invariant in this manner, and thus it is an
ad hoc technique and the performance and resulting struc-
ture depends on input signal. Better shift-invariant prop-
erty is achieved by sacrificing the computational efficiency
because of the additional decomposition for each level. For
example, computational complexity is O(N?logN) for an
N x N image. As a result, this approach is unsuitable for
real-time processing.

The above methods try to obtain shift-invariant sys-
tem by minimizing the shift-varying effect of the existing
multirate system with respect to a given cost function. In
fact, the problem always exists unless the filter bank itself is
shift-invariance. It is our objective in this paper to provide
a framework for the theory and design of shift-invariant fil-
ter banks. We propose the definition of shift-invariance in
terms of the polyphase representation, derive the relation
between the polyphase representation and shift-invariant
property of filter banks, and propose design methods for
different classes of near shift-invariant (NSI) perfect recon-
struction (PR) filter banks (FB) and perfect SI (PSI) near
PR (NPR) filter banks. Design examples and simulations
on image coding are presented.

2. THEORY OF SI FILTER BANKS

2.1. Polyphase Components and Shift-Invariance

Let Hi(z),k =0,1,..., M — 1 be a set of FIR analysis filters
in an M-channel filter banks. Let Ex¢ be the £-th polyphase
component of Hi(z), Hr(z) = ?igl 2T B (M), k=
0,1,..., M—1. E(z) = [Exe(2)] is the corresponding polyphase
matrix [6]. After downsampling by M, only one out of M
polyphase components will be retained. When the input
signal 1s an impulse with a shift s, the £.-th polyphase com-
ponents Fx ¢, (#™) is retained with Is = s mod (M). With
this observation and the fact that multirate system is lin-
ear, we can define shift-invariance (SI) in terms of polyphase
components as follows,

Definition 1 An M -channel filter bank is k-th bank shift-
invariant if the polyphase components of Hr(z), 0 < k <
M — 1, satisfy Ekn(zM) = Ekm(zM) 0<n,m<M-1.

It should be noted that the shift-invariant property de-
fined here is different from that in the linear system theory
where SI means that when the input is shifted, the output
will be shifted by the same amount. In this paper, how-
ever, shift-invariance implies that the subband signal do
not change when the input signal is shifted. It can also be
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called translation-invariance as in 3, 4, 5]. The above defi-
nition is a strong Sl condition. A weak form of an SI system
can be defined using an additive cost function as follows:

Definition 2 A map p from a discrete sequences x; to R
is called an additive cost function if p(0) = 0 and p(x;) =

Definition 3 With respect to an additive cost function g,

an M-channel filter bank is k-th bank near (or optimal)

shift-invariant if u(Bxn(2™), Brxm(z™)) = fmin 0 < nym <
M—1, 0<k<M~—1.

Since many applications also require PR property, the fol-
lowing theorem explores the possibility to obtain a system
with both PR and SI properties.

Theorem 1 In an M-channel mazimally decimated filter
bank, PSI and PR properties cannot be achieved simultane-
ously in Hy(z) except for

Hi(z) =14 27" 4 427 M (1)

From the above theorem, the only PSI PR filter bank is
the Haar wavelet and (2,N) wavelets with 2 + N being the
multiple of 4 for two-channel systems and (1) for M-channel
systems. Since both the Haar filter bank and the filter
in (1) do not have good frequency response, one needs to
sacrifice either property to obtain a good filter bank. We
focus our discussion on the SI property of lowpass filter
Ho(z). The theory and design can be easily extended to
the other channel or channels.

To quantify the SI property of a filter bank, the group
delay is used in all SI filter design in this paper. The reason
for this choice is that the polyphase components are the de-
layed and decimated versions of the input impulse response.
The smaller the difference in group delays, the better the
phases alignment, which implies small shift-variance. The
above observation can be concluded by the following theo-
rem

Theorem 2 The shift-variance of a filter bank is propor-
tional to the difference of the group delay between the
polyphase components of an analysis filter. When all the
polyphase components of a given analysis filter have the
same group delay, the filter is perfect shift-invariant.

2.2. Analysis of Linear-Phase and/or Paraunitary
Filter Banks

Lemma 1 Consider an analysis filter Hi(z) in an
M -channel LP filter bank with even M,

o Odd length N : There are two linear phase polyphase
components. The other M — 2 polyphase components
are pairwise time-reversal.

e Fven length N: M polyphase components are either
all pairwise time-reversal or all linear phase with the
same length.

Lemma 2 For M-channel LP filter banks with even M and
even length, perfect SI can be achieved if all polyphase com-
ponents are LP.

Lemma 3 Consider a given analysis filter Hi(z) inan M-
channel LP filter bank with odd M,

e Fven length N: There exists one LP polyphase com-
ponent and the other M — 1 polyphase components
are pairwise time-reversal.

e Odd length N: The polyphase components are either
the same as in the case of even length or all linear
phase with the same length.

Lemma 4 For M-channel LP filter banks with odd M and
odd length, perfect SI can be achieved if all polyphase com-
ponents are LP.

_All polyphase components of a given analysis filter Hi(z) in

an M-channel paraunitary filter bank are not linear phase.
Therefore, to obtain an NSI M-channel paraunitary filter
bank, one has to minimize the differences of group delay
between all polyphase components Ex (7).

Lemma § In a two-channel odd length LP filter bank (type
B), the difference of group delay between the two polyphase
components of Hi(z) is a constant. In other words, the SI
property cannot be improved for a single level.

According to the above theorem, minimizing the group
delay between the polyphase components of a multi-level
analysis filter instead of a single level has to be considered
for the design of odd length LP NSI filter bank.

Lemma 6 SI property of even-length LP two-channel filter
banks can be achieved or improved in a single level.

For a two-channel paraunitary filter bank, it is always

possible to obtain better SI property by minimizing the dif-
ferences of group delay between the polyphase components
in a single level.
Property 1:1f the lowpass filter in a two-channel filter bank
possesses SI property, the analysis scaling function of dyadic
decomposition using this filter bank also have SI property.
Property 2: If an M-channel filter bank possesses SI prop-
erty, the analysis scaling function of the resulting M-band
wavelets is also SI.

3. SHIFT-INVARIANT FILTER BANK DESIGN

In {3, 4], the cost function is calculated for all possible shifts
of the input signal each time the algorithm is applied. The
cost function in our method is a function of the filter coef-
ficients and used in filter design. Once the coefficients are
found, the resulting system is SI for all shift of the input
signal, that is input-independent, and no cost function is
needed to calculate during processing time. The difference
of group delay is chosen as the cost function for SI opti-
mization. When the difference in group delay 1s minimized
and the unified coding gain [6] is maximized, the design can
then be formulated as

min PE/HDépdclay(wmdw} + max{p: Gspe}

& Ho() o= = 0
PR constraints

other constraints

subject to

(2)



where || - || represents norm, which can be I',1?, or I°°,
gddelay is the difference between group delays, Gspe is
the unified coding gain, and ggl{o(’z)lz:_l = 0 is used to
obtain high regularity.
NSI PR Linear Phase Filter Banks: Two types of non-
trivial LP two-channel filter banks can be parameterized
by lattice structures [7, 8]. The advantage of lattice struc-
ture is that both the LP and PR properties are structurally
imposed, independent of the choice of lattice coefficients.
NSI PR filter bank design using lattice structure can be
summarized as follows [9]:

e For a given set of lattice coefficients, calculate
Hy(z) using corresponding lattice structure.

¢ Calculate the difference of group delay be-
tween the polyphase components. This yields

/HDg;demy(w)ndw.

¢ Compute the unified coding gain, which gives
Gspe in (2), or other objective functions.

o Perform the above steps iterately to find the lat-
tice coefficients that minimize (2).

The frequency responses and scaling functions of a de-
sign example with Ny, = 9, Ny, = 7 are shown in Fig. 1.
Similar plots for Ny, = 10, Ni, = 10 are shown in Fig. 2.

As a design example for M-channel NSI PR LP pairwise

mirror-image (PMI) FB, a 3-channe] example with Ny, =
Ny, = 56 and Ny, = 53 using lattice structure proposed
in [10] is shown in Fig. 3. Coding gain and the stopband
attenuation are used as additional cost functions.
Paraunitary NSI PR Filter Banks: Lattice structure in [11]
1s used for 2-channel paraunitary NSI PR filter bank design.
A design example for a 3-channel paraunitary NSI PR PMI
filter banks with Ny, = Ng, = Ng, = 20 is shown in Fig.
5.
PSI NPR Filter Banks: PR and SI cannot be achieved at
the same time except for the special cases in Theorem 1.
By allowing some reconstruction error, one can design PSI
system. Lattice structure cannot be used here, therefore we
adopt the time domain design method in [12] for the design
of PSI NPR filter banks.

To achieve PSI property, Ho(z) in a two-channel system
must have the following impulse response

ho=[aabbcc---ee---ccbbaal (3)
Ho(z) and Fi(z) are used to form a modified polyphase
matrix
Eo(0)  E4i(0)
Eo(l) E¢ (1)
E= . .

Eo(N/2) Ei(N/2)
=[fi() fili+2) H(N/24+1i-1)],
and N is the filter length. Hi(z) and Fu(z) can be obtained
by inverting the modified polyphase matrix RT = E7%.

The resulting filter banks will be NPR and PSI. A design
example with Nypo = Nx3 = 14 is shown in Fig. 6.

Eo(d
where E 8
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4. SIMULATION RESULTS

In our simulation, DWT and an uniform scalar quantizer
are used in the first two stages of a wavelet-based image
coder. A sequential baseline coding method similar to the
JPEG standard is applied to the scanned coefficients [13].
The image compression results using Daubechies (9,7) tap
FB and SI (9,7) tap F'B on “boats” image are shown in Fig.
7. The filter banks have compatible objective performance,
however, the perceptual quality of the SI system is better
than that of the D(9,7) system.

5. CONCLUSION

We established a framework for shift-invariant filter bank
design for the first time. Relating the polyphase represen-
tation and shift-invariant property of filter banks is one of
the contributions in this paper. SI filter bank design meth-
ods by minimizing the difference in group delay was pro-
posed. By this method, SI system can be obtained without
searching decomposition path during processing time and
changing the structure of traditional multirate system. De-
sign examples and simulation results were presented. Our
recent works have been focused on the framework of two-
dimensional SI FB design [14] and continuous time SI mul-
tiresolution analysis [15].
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Figure 1: A 2-channel NSI PR LP F'B with (9,7) tap using
3-level optimization.
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Figure 2: A 2-channel NSI PR LP FB with (10,10) tap.
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Figure 3: A 3-channel NST LP PMI PR FB.

HO@)

Magniludg Response
n

0 0.2 04
Analysis Scaling Function

o
)

-0.2
[

5 10
Figure 4: A 2-channel near SI paraunitary PR FB with
(14,14) tap.
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Figure 5: A 3-channel NSI paraunitary PMI FB.
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Figure 6: A 2-channel PSI NPR FB with (14.,14) tap.

Figure 7: Reconstructed “boats” image using D(9,7) and
SI(9,7) at 0.4 bpp.



