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Abstract — It is well known that FIR filter banks which
satisfy the perfect reconstruction (PR) property, can be ob-
tained by cosine modulation of a linear-phase prototype fil-
ter of length N = 2mM, where M is the number of channels.
Moreover, the overall delay of this system is (2mM —1) sam-
ples. In this paper, we present a PR cosine-modulated filter
bank in which its overall delay is (2{e + )M — 1) samples,
where « is a positive integer in the range 0 < a < 2m — 2.
Consequently, as will be shown, the prototype filter of the
proposed filter bank no longer has linear phase.

I. Introduction

Fig. 1 shows a typical M-channel maximally-decimated
parallel filter bank where Hi(z) and Fi(z).0 <k <M -1,
are the analysis and synthesis filters, respectively (we con-
sider only finite impulse response (FIR) filters in this pa-
per). The theory for perfect reconstruction has been es-
tablished [1-4]. Recently, the perfect-reconstruction (PR)
cosine-modulate filter bank has emerged as an optimum fil-
ter bank with respect to implementation cost and design
ease [4]. The impulse responses of the analysis and synthe-
sis filters, hi(n) and fi(n), are cosine-modulated versions
of the prototype filters h(n) and f(r), respectively {4]. In
other words,

hi(n) = 'Zh(n)cos((Qk + (e - B+ ok),

(1)
fi(n) = 2f(n)cos<(2k + )5 - M+ u).
whereOSn§N—1,0§k§11—1and
kT kT p
O = ( 1)4: Tk = (1)4- (2)

Here, the lengths of Hi(z) and Fi(z) are assumed to be
multiples of 2M, i.e., N = 2mM. Clearly from the above
equation, the only parameters to be found are k(n) and f(n),
0 < n < N —1. Moreover, if the cosine-modulated filter
bank is lossless and if h(n) and f(n) are linear-phase, then
the impulse responses are related as follows [4):

f(n) = h(n), fu(n) = hx(N = 1=n). (3)

Thus, if the cosine-modulated filter bank is lossless, and if
the prototype filters are linear-phase, then the only unknown
parameters are h(n) [4]. Furthermore, the overall delay of
the system is (N — 1) samples, 1.e., #(n) = z(n — (N = 1)).
In other words, the output signal is valid at and after the
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time
T, = (N - VT, = 2mM - V)T, (4)

where T, is the sampling time of the input signal. In ap-
plications where the overall delay T, is desired to be small,
the above cosine-modulated filter bank (lossless and linear-
phase) might not be appropriate. It is judicious to ask the
following question: Does a PR cosine-modulated filter bank
in which its overall delay is smaller than the above T in (4),
exist? The paper shows that the answer is affirmative.

In this paper, we consider the design of the PR cosine-
modulated filter bank where the overall delay time T, is a
variable. Specifically, T, can take any of the following values:

T, = (2a+ )M - 1)T,, 0<a<2(m—1). (5)
Note that the value of T, in (4) is one of the values in (5),
ie., a =m—1As derived in the paper, the prototype
filters, H(z) and F(z), of the variable-overall-delay cosine-
modulated filter bank are equal, i.e., H(z) = F(z). However,
they are no longer linear phase. Section 1I describes the new
cosine-modulated filter bank and presents an example.

Notations Bold faced letters indicate vectors and ma-
trices. Superscript T denotes transposition and the tilde ac-
cent on a function F(z) is defined such that F(z) = FT(z™"),
¥z, where the asterisk (+) subscript denotes the conjugation
of coefficients. Moreover, Ins stands for the M x M iden-
0 ... 1
tity matrix and Jp = ( : . ) . [Clk,¢ denotes the
... 0 MxM
(k,€) element of C.

11. The variable-overall-delay cosine-modulated fil-
ter bank

Let E(z) and R(z) be the polyphase transfer matrices of

the analysis and synthesis filter banks in Fig. 1. Further-
2M-1 2M -1

more, let H(z)= Y G (M), and F(z)= Y. 27t
=0 =0
K¢(2*™) be the prototype filters of length N = 2mM and
Gi(z) and K¢(z) are the corresponding polyphase filters of
length m, respectively. It is shown in [4] that E(z) and R(2)
can be expressed in terms of Gy(z), K¢(2) and C as follows

= C 80('32)
{E( =8 (Ee ) o ®
R(z) = (27 Ipka (=" m Tarko(—22)Iar ) CT,

where
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go(z) = diag (Golz) Gi(z) Gr-(2)),
gi(z) = diag (Gum(z) Gm+1(2) Gan-1(2)).
ko(z) = diag (Kofz) Kq(2) Kap-a1(2)).
ki(z) = diag (Km(z) Kumlz) Kon-1(2)), @
7
e —2((9k+1 JLAPINE\ Sk U DA
RET AN )‘ZM 2 =)

Using the above E(z) and R(z), one obtains the expression
for P(z)éR(z)E(z) as follows
go(—=7) )
:‘lgl(_zﬁ) .
(®)

For a PR filter bank, P(z) must have the form [:

] z7v1
P(z) = (3_(u+1)12 0 1)

where v is a positive integer and the dimensions of I, and

1, are added up to M. It is our objective to simplify (8)
in order to obtain the necessary and sufficient conditions on
ke(z) and go(z),€ = 0,1 for perfect reconstruction. Using
the following identity from [4],

JUNPUYS TV o S Y 0
eTé = ( M )
0 Ty + ()™

P(z) = (1 Imda(=2"m Iarko(—22)dp ) ETC (

o

(9

(10)

(8) becomes
P(z) = z“{ [Iarks(=25)Tmgo(—2") + Inrko( ) v (~ )]

+<71)’"JM[—kl(—:z)got—z%+ko<—¥>g1(—z2>]}. (11)

Using the forms of Ju and I, the above equation has the
following form:

z 0 ... 0 00 ... z
0 =z 0 Do s
P(z) =z} ’ TSR AL I :
(=) Lo e (-1 0 =z 0
00 ... z z 0 0

= zflL(—zz‘) (12)

where z is an arbitrary polynomial. Since we are only in-
terested in a PR cosine-modulated filter bank, L(z) must be
z=*Tp where s is an arbitrary positive integer [2]. Using the
form in (12) and the requirement that L(z) is an identity
matrix, one concludes that

{JMk\(Z)JMgo(Z) +Iumko(z)Imgi(z) = (=21 Iy gy

ki(z)go(2) = ko(2)g1(2):

The above equations are the necessary and sufficient condi-
tions on the polyphase filters G¢(z) and K(z), respectively
for perfect reconstruction. These conditions are general ver-
sions of those reported in [4]. Specifically, suppose that H(z)
is linear-phase and F(z) = 2~ IN=-1Y (27} as in [4], then

ke(z) = ge(2),

Substituting (14) into (13) and simplifying, one obtains

Img ()M = go(z), £=0,1. (14)
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{QB(Z)SO*'ET(Z)& = (-2)"°Im, (15)

go81 = 8180

which is the same as in [4]. In summary, the PR cosine-
modulated filter bank in [4] 1s a special case of the variable-
overall-delay PR cosine-modulated filter bank discussed here.
To be more precise, if the overall delay of the filter bank 1s
(N-1)=(2mM - 1), then both filter banks are the same.
In terms of the polyphase filters Gs(z) and K(z), the
conditions expressed by (13) become

{Gl(z)f\"zmﬂ-f(z) + Crpe(DEMa1-o(2) = (=2)7
Go(2)Kpmpe(z) = Gued D) Ke(z),

for £ in the range 0 < £ < M — 1. The above equations
imply that G¢(z) and K(z) are related, i.e., given Ge(2), it
is possible to solve for K¢(2). Writing (16) in the matrix

form, one obtains
Tolz) --- ] Sol 2) a
( : : ) ( : ) = ) (17)
0 o Tum-(2) Sar—1(2) a
.Kg(z)

where
GM—I—[(Z) N
G{{(Z) > N sl(a) = (I\’M-H’(Z%?g;

anda=(1 0 )T. Solving for K¢(2) from (17) yields

(nﬁi(f()n) - f() (G%f()z)

where

(16)

Gam-1-¢(2)

Telz) = ( —Gpr+e(2)

), o<e<M-1 (19)

Dy(z) = (Determinant of Ty(2))(—2)7°
= [G[(2)G2M—1—ﬂ(z) + GM—l—f(Z)GMH(Z)](*3)_5'

In summary, the polyphase filters of the new filter bank
are the same except for a scale factor Dy(z). Since we are
only interested in FIR filter banks, D¢(z) must be a delay,
ie., De(z) = Bez™® where B¢ and « are a nonzero constant
and a positive integer, respectively. Even though the scale
factor 3¢ and the delay oy can be different for different values
of ¢, we only consider the case where By = 1 and a¢ = & for
all £ in this paper. Consequently, with the above choice of B¢
and ag, F(z) = H(z) as in [4]. Moreover, the phase of H(z)
will be determined by the choice of « (as will be elaborated
later). D¢(z) must satisfy:

(20)

[Ge(2)Gam-1-2(2) + Cro1-t(2)Cume(N(=2)7" = 279, (21)

for ¢ in the range 0 < £ < | M), Since each polynomial

Gi(z) in (21) has length m, (21) yields (2m — 1) conditions.
Thus, if one fixes any two polynomials, for instance, Ge(2)
and Gup—1-e(2), then the other two can be found {2m un-
knowns) if s and « are known. We will elaborate on the
solution of (21) in the subsection below.

The conventional cosine-modulated filter bank (4] where
the prototype filter H(z) and F(z) are linear-phase functions
can be derived from (21) for a = s = (m — 1), Le.,

Go(2)Gam1-e(2) + Grro1-e(2)G el 2) = (—1)tm=D) z=3m=N,

(22)
where £ is in the range 0 < £ < LM;—]J The solution of the



above equation is G¢(z) = G'ZM,],f(z), 0<e<M-1,
which in turns implies that H(z) and F'(z) are linear-phase
polynomials.

Solution for A(z)B(z) + C(z)D(z) = z7°

m m—1
£:

Let A(z) = i az”t, B(z) = "'Z- b, Clz)= 3
- =0

) =0
m—1
ez and D(z) = Z dez=%. Suppose that a, A(z) and (=)

=0

are given; this section will describe a method to solve for
B(z) and D(z). The number of conditions and unknowns
are (2m — 1) and 2m respectively. Therefore, in order for
the solution to be unique, let by be a fixed nonzero num-
ber. Consequently, from the first condition (corresponds to
%), do = (aoho)/co (assuming that ¢o is nonzero). Thus, the
number of conditions and unknowns, now, are both (2m—2).
In terms of ag, br, c¢ and dg, one has

ag 0 0 co 0 0
ay ap 0 ¢ co 0
Am-2 Qm-3 ... Qg Cm-2 Cm-3 .- €o .
Am—-1 Qm-2 ... ay Cm-1 Cm-2 .- 1
0 Am—1 .- as 0 Cm—1 .- c2
0 0 Am—1 0 0 Cm-1
b arbg + c1dg
ba azbo + cado
bm——l a b "]‘*C d
-1- m~100 m-100 9
dy 0 (23)
d2 0
dm~l 0

which can be solved if ag, @m-1,co and ¢,,_y are all nonzero.
Here 1 is the vector of zero elements except at the o position.
Note that o only appears in the vector 1.

Design Procedure

1. Given m, M, a,s and ws, the stopband cutoff fre-
quency of H(z), design a lowpass filter.

()

. Initialize Ge¢(2) and Gpro1-¢(2), 0 < £ < L%ﬂj from
the coefficients of H(z).

3. For each ¢, find the corresponding polyphase filters
Gar—1-6(2z) and Gp4e(z) using the technique in the
above subsection. Form the new H(z) which is
the prototype of a PR variable-overall-delay cosine-
modulated filter bank.

4. Minimize ® = [ |H(e™)|?dw using a minimization
algorithm. The parameters are the coefficients of
Ge(2) and Gpro1-4(2),0 < €< L@J In other words,
if ® is not small enough, perturb G¢(z) and Gar—1-¢(z)
and repeat step 3 and 4. The total number of param-
eters is mM.
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5. Once the optimized prototype filter H(z) is found,
the corresponding F(z) is obtained from (19) and (6).
Moreover, the analysis and synthesis filters can also
be found using (1).

Example Fig. 2 plots the impulse response coefficients,
h(n), for the cases where M = 10,m =3 and a = 1,2 and
4. When a = 1(a < m — 1), h(n) behaves as a typical
minimum-phase impulse response [5], whereas it behaves as
a typical maximum-phase impulse response [5] when o =
4(a > m —1). Thus, depending on whether « is smaller
or larger than m — 1, the corresponding h(n) behaves as
minimum or maximum-phase response. Of course, h(n) is
linear-phase if & = m — 1, as expected.

Fig. 3 shows the magnitude response plots of the proto-
type filter H(z) for the above example, i.e., M =10,m = 3
and a = 1,2,4. The corresponding magnitude responses of
the analysis filters Hy(z) are plotted in Fig. 4. To demon-
strate the variable overall-delay capability of the proposed
filter banks, they are used to reconstruct the following signal

z(n)=n+1, 0<n<9.
The original input and the reconstructed output sequences
for the above variable overall delay cosine-modulated filter
banks are plotted in Fig. 5. Note the overall delay of #(n)
for different values of a.

Topics for future work:

e In the paper, we assume that the matrAiX Cf (6 of
the synthesis filter bank) is the transpose of Cy (C of the
analysis filter bank) because 0 and 7y are as in (2). Suppose
that 0, and x in (1) are chosen differently, then Cr # CL.
What can we conclude from this choice and can the result
here be extended to that case?

o Instead of ay = & and B, = 1 as in D¢(z), (see (20) and
the text following it), let them be different for all ¢. Could
this choice yield a more general variable-overall-delay filter
bank?

111. Conclusion

We present the variable-overall-delay PR cosine modu-
lated filter bank. The overall delay of this system can take
several values. Moreover, the conventional cosine-modulated
filter bank is shown to be a special case of the proposed filter
bank. An example is given to demonstate the theory.
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Fig.1. The M-channel maximally decimated filter bank.
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Fig.2. Plot of the impulse response h(n) for the cases where

a=1,2and 4.
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Fig. 3. Magnitude response plots for the prototype filter H(z).
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Fig. 4. Magnitude response plots for the analysis filters Hi(z).
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Fig. 5. Plot of the input signal x(n) and the reconstructed signal
#(n). Note the corresponding delays for different values of a.



